A simplified approach to the problem of determining the relative proportion of minerals in a mixture from a reflectance spectrum of the mixture is presented. Fundamental to this approach is a priori information concerning reflectance spectra of the minerals in the mixture and some estimate of the particle sizes of the mixture components. Reflectance spectra of intimate mixtures are a systematic but nonlinear combination of the spectra of the minerals in the mixtures. Equations for bidirectional reflectance are used to linearize the systematics of spectral mixing for intimate mixtures. The equations are simplified by assuming that particulate media scatter light isotropically at phase angles between 15 ø and 40 ø. This method for linearizing the mixing systematics is used to determine mineral relative geometric cross sections (proportional to mass fraction/density x particle diameter) from reflectance spectra of mixtures of igneous rock-forming minerals (oilvine, magnetite, enstatite, and anorthite) and to determine endmember relative geometric cross sections from reflectance spectra of mixtures of terrestrial desert soils. Since particle diameters are known, the mass fractions of the mixture components are also calculated. For materials without strongly absorbing components, the accuracy of abundance determinations is better than 5%. The results indicate that the method presented can be used to accurately determine the relative proportions of components (minerals or complex endmembers) in a mixture from a reflectance spectrum of the mixture given information of the endmembers in the mixture, reflectance spectra of the endmembers, and an estimate of particle sizes of the respective mixture 
INTRODUCTION
Reflectance spectra have been used for many years to obtain compositional information for planetary surfaces. At visible to near-infrared wavelengths, charge transfer, electronic transitions, and other electronic processes associated with transition metal ions (Fe, Ti, Cr, etc.) result in diagnostic absorptions [Burns, 1970; Adams, 1974 Adams, , 1975 . In addition, bending, stretching, and other vibrational processes in molecules such as H20 and OH-produce fundamental and overtone absorptions in this same wavelength region [Hunt and Salisbury, 1970a] . The position, shape, and strength of these diagnostic absorptions are controlled by the particular crystal structure in which the absorbing species is contained and mineralogic information can be derived from the characteristics of the absorption bands in a spectrum.
Although reflectance spectra of a variety of minerals have been examined in laboratory studies [Adams, 1974 [Adams, , 1975 Hunt and Salisbury, 1970a,b; Hunt et al., 1973] natural surfaces are rarely composed of a single mineral. Surfaces for which remotely sensed reflectance spectra are measured are more commonly composed of an assemblage of fine-grained intimately mixed minerals and alteration products. Determination of the proportions of minerals on these surfaces is important in understanding the geology and surface processes. Although this information pertaining to the composition is contained within reflectance spectra, one of the problems in reflectance spectroscopy is how to quantitatively determine mineral abundances from the reflectance spectrum of a natural surface, a mineral mixture.
Reflectance spectra of mineral mixtures are a systematic combination of the reflectances of pure mineral components or endmembers in the mixtures. Several investigators have examined the systematics theoretically and empirically and found that if the scale of mixing is large, or macroscopic, then the spectral Copyright 1987 by the American Geophysical Union.
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0148-0227/87/006B-7232505.00 systematics of mixing different materials are linear [Singer and McCord, 1979] , while for microscopic or intimate mixtures the systematics are generally nonlinear [Nash and Conel, 1974; Singer, 1981] . To avoid the need to document the systematics of every possible intimate mixture series, a method that is general in approach and practical in application and also addresses the problem of nonlinear mixing is desired. A practical method for estimating mineral abundances has many powerful applications, especially with the advent of mapping spectrometers such as NIMS (on Galileo), AIS and AVIRIS (airborne), and VIMS (Mars Observer). The spatial and spectral (hence compositional) data obtained by these instruments will permit the mapping of surface mineralogy over broad regions. Presented here is a review of some of the present approaches to the problem of estimating mineral abundances from reflectance spectra of mineral mixtures and a revised model is derived. The accuracy of the revised model in predicting the endmember abundances in mixtums is tested with bidirectional reflectance spectra of mineral and soil mixtures where the grai n size and composition of the mixtures are controlled. It is found that this approach predicts the relative contributions of the endmembers in the mixtures to within 5%.
BACKGROUND
Several theories based on scattering principals exist for describing the complex interaction of light with particulate media [e.g., Kubelka, 1948; Aronson and Emslie, 1973; Hapke, 1981; Lumme and Bowell, 1981] . These theories generally model the reflectance of a particulate surface as a function of variables related to (1) the physical state of the surface (particle size, surface roughness, etc.), (2) properties of the individual components comprising the surface (complex indices of refraction, absorption coefficients, etc.) and (3) viewing geometry or type of reflectance measured. In their most general form it is often impractical to apply the models directly to remote measurements since the derivation of all the parameters requires multiple viewing geometries. However, the equations may be simplified using first-order assumptions about the scattering 
where RH is the directional-hemispherical reflectance, w is the mean SSA, and i is the incidence angle of the radiation. 
where w is the mean SSA and Wn, Mn, Qn, and dn are the SSA, mass fraction, density, and particle diameter of component n, respectively. In both (1) and (2) Johnson et al. [1983] , the reflectances were measured as or converted to directional-hemispherical reflectance. Spectra determined to be of intimate mixtures were converted to SSA using the technique of Johnson et al. [1983] . The power of their application of PCA is in the identification of endmembers from a group of spectra and the mixing relationships between spectra. However, the principal axes of variation require careful interpretation and the quantitative determination of endmember abundances for mixtures containing more than two components is complex.
MODEL
The approaches described in the previous section convert directional-hemispherical reflectances (the ratio of the radiant power scattered from a surface to the collimated light with a specific angle of incidence) to SSA to Iinearize the systematics of intimate mixtures. However, remotely sensed spectral data are most commonly measured as bidirectional reflectance (the reflectance of a surface illuminated by collimated light incident on the surface with an angle i and detected at a specific angle of emergence, e). An approach is therefore needed that is consistent with this type of reflectance measurement.
Hapke [1981] has developed a comprehensive series of solutions to the radiative transfer problem for particulate media. Among the derivations are a series of equations relating bidirectional reflectance, R, measured relative to a lambertian surface to the viewing geometry and parameters of a particulate medium. These are 
* Standard deviation ( x 10 -a ).
'!' Calculated using wavelength regton 0.6 to 2.4 mm. where ¾ = (1 -w)
R(i,e,g) = [w/4(•t + •to)][(1 + B(g))P(g) + H(•t)H(•to)-l] (4) where go=COS(i), p,=cos(e), g is the phase angle, B(g) is the backscatter function, P(g) is the single particle phase function, and H(p,) is
In (4) variables pertaining to the scattering properties and compactness of the surface are contained within the functions P(g) and B(g). In order to solve for all the parameters a number of viewing geometries (i,e) are needed. This is impractical for most measurements made with remote detectors that have fixed viewing geometries. Viewing geometries most commonly employed by current airborne spectrometers have an emergence angle of 0 ø and incidence angles of 15 ø to 40 ø. For the purpose of deconvolving spectra into mineral abundances, the most important parameter is w (see equation (2)). Therefore it is desirable to simplify this equation so that w may be derived or approximated from bidirectional data obtained using a single viewing geometry.
The single particle phase function, P(g), describes the scattering properties of a particle as a function of phase angle. The function is approximated by a Legendre polynomial with coefficients b and c. These coefficients determine the shape of the function and may vary both with wavelength and composition. However, if the particles are assumed to be much larger than the wavelength of light and are randomly oriented on the surface, then to first order the surface scatters light isotropically [Johnson et al., 1983] . For an isotropic surface, b=c=0 and P(g) = 1 [Hapke, 1981] .
The B(g) function describes the opposition effect, a surge in reflectance at small phase angles, and contains a regolith compaction parameter [Hapke, 1986] 
R(i,e) = [ w / 4( p + [to ) ] [ H(p) H(po) ]
Equation (5) is easily applied to bidirectional reflectance measurements to convert the reflectance data to SSA. In the following section, (5) will be used to derive SSA values used in the calculation of the F-parameters.
EXPERIMENTAL ANALYSIS
The validity of (5) for deriving SSA from reflectance and (2) for describing the SSA spectra of intimate mixtures was tested on a series of laboratory mixtures of igneous rock-forming minerals and on a suite of mixtures of natural soils from a field area under study in southeastern Utah. The spectra were obtained from 0.4 to 2.4 pm with RELAB, a high-resolution, bidirectional reflectance spectrometer. The spectra are measured relative to the standard halon at the same viewing geometry (i = 30 ø, e =0 ø) as the samples. Halon is an inert fluorocarbon and is nearly featureless at visible to near infrared wavelengths. It has an average reflectance >96% and can be approximated as an isotropic scatterer [Pieters, 1983] . Reflectance values measured For each mixture SSA spectrum the endmember SSA spectra were combined linearly to fit the mixture spectrum in a least squares sense so as to minimize the variance between the measured and predicted curves. The proportion of each endmember SSA spectrum required to minimize the variance between the measured and computed mixture SSA spectra determine the cal- mixture into the endmember abundances. In remote sensing applications it is commonly difficult to uniquely identify all endmember minerals or to extract the relative importance of rock coatings such as amorphous iron oxide gels. However, it is often possible to define common assemblages of minerals or minerals and coatings. For such occurrences it would be desirable to treat the complex assemblages as endmembers themselves.
Mixture series of natural soils were made to explore this possibility. The soils were collected from southeastern Utah as part of ongoing research with imaging spectrometers. Endmember soils from this site were chosen that are important surface components for understanding the mixing systematics in the area under investigation. The endmember soils for the mixtures consist of (1) a reddish-brown soil derived from the weathering of a similar colored sandstone, (2) a relatively pure gypsum commonly found in the sedimentary sequences in this region, and Figure 5a that the greatest mismatch between observed and predicted mixture spectra occurs in the wavelength region 0.4 to 0.6 •tm. This suggests that this wavelength region, where the sandstone is strongly absorbing, may contain the cause of the systematic error. To test this presumption, selected portions of the spectra were deconvolved separately. Significantly different results were obtained when using the wavelengths shorter than 0.6 •tm (the shoulder of the strong charge transfer bands) than when using wavelengths longer than 0.6 •tm.
In Figure 6 •m in the sandstone-gypsum mixtures and appropriate endmembers. In this wavelength region (0.4 to 0.6 •m), the sandstone spectrum is dominated by the strong iron oxide absorptions. Not only is the same systematic underprediction of the sandstone and overprediction of the gypsum observed but the sum of the F-parameters are less than 1.0. These systematics, similar to those observed for the olivine-magnetite mixture series, occur in the spectral region where the sandstone soil is strongly absorbing. The mismatches are most severe where the reflectances of the strongly absorbing component are less than 10%. These values of FC^LC using the visible portion of the spectrum converge to the values obtained from using the whole spectrum as increasing portions of the spectrum are used. Therefore the mismatch in F-parameters of the whole spectrum is apparently controlled by the wavelength region where the particles are strongly opaque. The results from using those wavelengths longward of the charge transfer bands to deconvolve the gypsum-sandstone mixture spectra are shown in Table 1 and Figure 7a . This strategy clearly provides a more acceptable prediction of F-parameters and hence endmember abundances. In Figure 7b and Table 1 are plotted the values calculated from deconvolving those wavelengths longward of the charge transfer bands for the kimberlitesandstone mixtures and again one sees a much better agreement between actual and calculated values. Table 2 These results show that the assumption and equations presented are valid for the wavelength region where the components do not behave as strongly absorbing particles. The exact limit of reflectance where the model breaks down is not possible to define given the present data set, but certainly reflectances >25-30% respond well to this model while components with reflectances <10% result in less accurate F-parameter predictions.
SUMMARY AND CONCLUSIONS
The bidirectional reflectance equations of Hapke [1981] were used as an approach to estimating mineral abundances from reflectance spectra. The equations were simplified by the If the restrictions concerning low albedo components are not a factor or can be accommodated (such as including the low albedo component in a complex mixture used as an endmember), th!s technique has many powerful applications. It is easily expal•ded for use with multicomponent problems and since abundances were ca!culated using a noniterative approach, this method is especially efficient for large spectral datasets such as those produced by mapping spectrometers (e.g., NIMS, VIMS, AVIRIS). Further work is required to determine the effects of varied particle sizes and to refine the assumptions to include strongly opaque components.
